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Ab s t r ac t 

Linear programming vers ions of  some c o n t r o l  problems on Markov 

chains a re  derived, and a r e  studied under conditions which occur i n  typ i -  

c a l  problems which a r i s e  by d i s c r e t i z i n g  continuous time and s t a t e  sys- 

tems, or i n  d i s c r e t e  s t a t e  systems. Control i n t e r p r e t a t i o n s  of t h e  dua l  

va r i ab le s  and simplex m u l t i p l i e r s  a r e  given, The formulation allows t h e  

treatment of ' s t a t e  space' l i k e  cons t r a in t s  which cannot be handled con- 

venien t ly  w i t h  dynamic programming. The r e l a t i o n  between dynamic programing 

on Markov chains, and t h e  de te rminis t ic  d i s c r e t e  maximum pr inc ip l e  is 

explored, and some i n s i g h t  i s  obtained i n t o  t h e  problem of s ingular  stc- 

chas t i c  cont ro ls  ( w i t h  respec t  t o  a s tochas t i c  maximum pr inc ip le ) .  
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1. Introduct ion 

T h i s  paper i s  concerned w i t h  s eve ra l  problems occuring i n  t h e  con- 

t r o l  of a Markov chain [Xn] on t h e  s t a t e  space 

i t i o n  p r o b a b i l i t i e s  p. . (a ) ,  where a, a control ,  t akes  values i n  a s e t  Uie 

S t a t e  0 i s  a desired t a r g e t  s t a t e  and p ( a )  1; once i n  s t a t e  0, al-  

ways i n  s t a t e  0, 

vector.  I.e., i f  t h e  con t ro l  vector  u i s  always used, and Xn = i, then 

t h e  value of a i n  p.  .(a) i s  u(X,) = u Let T denote the  f i rs t  time 

s t a t e  0 i s  a t ta ined ,  k ( i , a )  t h e  cos t  paid when t h e  s t a t e  i s  i and con- 

t r o l  u ( G )  = ui = a i s  used, and E: t he  expectation operator given t h a t  

( O , l , e o e , N )  = s, with t r ans -  

LJ  

-6 00 

The terms u = ( u  13...,%), u. E Ui, denotes a con t ro l  
1 

/ .  

1 J  i' 

= i, and t h e  con t ro l  vec tor  u i s  used. Then t h e  cos t  i s  xO 

7-  1 
V(u;i) = Ei c k(Xn,u(xn)). 

0 

U 

. 
Define k(0,a) 0. Then 

03 

V(ugi) = E: c k(Xn,u(Xn)). 
0 

Define t h e  column vec tors  V(u) = (V(u;l),,*.,V(u;N)) and K(u) = 

( W  1, U l ) ,  e e 0 ,  k(N, 1 0 

Note t h a t ,  i f  t h e  N s t e p  t r a n s i t i o n  p robab i l i t y  ~ ( ~ ) ( u )  > 0 io 
f o r  a l l  i, then s t a t e  0 i s  a t t a inab le  and V(u) ex i s t s .  

Define problem (Pl): Let Ui contain a f i n i t e  number of poin ts  

(which, f o r  convenience, we assume are al,..., aq), or l e t  the n + l  dimensional 
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s e t  (p. ( U .  ) , a e p. ( Ui) k( i ,U i )  ) be a convex polyhedron w i t h  extreme poin ts  

included i n  ( (p .  ( a  )3 ,0. ,pix(ar) ,k( i ,ar)) ,  r = 1,,, , ,q}, Assume ( A i ) ;  

pi:)( ic~) > 0 f o r  a l l  i and u, o r  (A2): k ( i , a )  > 0 f o r  a l l  i,a and 

p g ) ( u )  > 0 f o r  a l l  i and some u . ~  Find t h e  con t ro l  u = (ul, e ,uN) whlch 

nGnimizes V(u;i), i = l , . o o , W o  Define V = min V(u;i). 

11 3 IN 

11 r 

i u  
The assurnptl ion on Ui can be weakened, although t h e  form given 

a l lovs  a r e l a t i v e l y  simple notation. Indeed any compact Ui i s  s u i t a b l e  

i f  t h e  p. . ( e )  and k(0) a re  continuous, The convex polyhedron assumption 

i s  s a t i s f i e d  f o r  problems which a r e  obtain.ed by d i s c r e t i z i n g  continuous time 
1J  

bang-bang problems. See t h e  example. 

I n  Section 2, a l i n e a r  programming formulation of (Pl) w i l l  be 

given. Linear programming (L.P,) vers ions of many types of dynamic program- 

ming problems a r e  wel l  known (see ,  e.g., [ 3 ]  - [!?], [ g ] ) .  Indeed, a L. P. 
' 

version of (Pl) was given by Derman [ 61. The va r i ab le s  i n  t h e  L.P. form 

i n  [6] do not seem t o  have a simple physical  i n t e rp re t a t ion .  However, t h e  

form here seems more n a t u r a l  and has a more n a t u r a l  dual, namely t h e  dynamic 

programing equations f o r  (P1) 

N 

j =1 
Vi 6 p. . ( o r ) V .  i k(i ,ar) ,  all i ,r,  

=J J 

While experience ind ica t e s  t h a t  t h e  l i n e a r  p r o g r d n g  algorithm 

(Simplex method) i s  general ly  i n f e r i o r ,  i n  computational e f f ic lency ,  t o  t h e  

ava i lab le  dynamic programming i t e r a t i v e  methods ( f o r  t h e  type of problems 

discussed here) ,  it, i s  of in te res t ,  s ince it i s  an a l t e r n a t i v e  formulation which 

sheds fu r the r  l i g h t  on t h e  Markov optimization problem and, i n  addi t ion,  t h e  

two i rqmrtant  reasons: 
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( a )  There may be addi t iona l  cons t ra in ts  on t h e  p r o b a b i l i t i e s  

PIXn = i] 

and t h e  Lei?. formulation y i e l d s  usefu l  i n s i g h t s  i n t o  t h e  optimization prob- 

lem. 

i n  Markov cont ro l  problems. 

(Section 2 ) ,  The dyn3mic p r o g r W n g  i s  not d i r e c t l y  applicable,  

Inseed, it i s  of ten  des i rab le  or  necessary to add such cons t ra in ts  

See Section 2 f o r  example. 
.4 

(b) The L,P. formulation gives us ins ight  i n t o  a form of a sto- 

chas t ic  ma,ximm p r i n c i p l e  (Section 3 ) ,  and the  s i n g u l a r i t y  problem of t h e  

s tochas t ic  maximum p r i n c i p l e  e 

I n  Section 3, which t r e a t s  a f i n i t e  time Markov optimization prob- 

lem, it i s  shown t h a t  t h e  Holtzman form of the  d i s c r e t e  raaximm p r i n c i p l e  

[7] i s  equivalent to dynamic programming, i n  t h e  absense of ' s t a t e  space' 

cons t re in ts  on t h e  var iab les  

gular ( i n  t h e  serlse t h a t  minimi.zation of t h e  relevant  Hamiltonian y i e l d s  

no information on t h e  form of t h e  control)  i n  t h e  presence of such con- 

s t r a i n t s ,  a s i t u a t i o n  which of ten  occurs w i t h  determinis t ic  systems w i t h  

s t a t e  space cons t ra in ts ,  

P(Xn -= i), and t h a t  t h e  cont ro l  i s  of ten  s in-  

2. 

2,l. No ' s t a t e  space' constraints .  F i r s t  a, form of (Pl) w i l l  be 

Let 

Linear Programming and t h e  Optimal Control Problem. 

_L 

t rea ted ,  R(u) = {p. .(ui), i , j  = l,..*,X] denote t h e  reduced t r a n s i t i o n  

matrix (s ta , te  0 omitted) corresponding t o  c o n t r o l  vector  u = ( ul, @ .  . ,%). 

The following kno-m r e s u l t s  [2] w i l l  be used below. 

1 J  

Lemma 1. Assume ( A l )  e Then s t a t e  0 i s  a t ta ined  w.p, 1. and V( u) i s  t h e  
-I_ -- I__ I - -- 
unique vector  solut ion t o  t h e  vector  equation 

__.- --- 

C = R(u)C + K(u), 
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- I f  k ( i , a )  > 0 - and (2) -- has a f i n i t e  solut ion,  - then P ( ~ ) ( u )  i o  > 0 

Under (A2), t he re  i s  a t  l e a s t  and P ! ~ ) ( u )  -+1 a s  n -+a and 

one such u. 

C = V(u). ---- - - 10 I_ 

-- 
Under (Al) or (A2) t h e r e  i s  an optimal control ,  and the  l e a s t  

-_I- - --- 
cos t  vector V s a t i s f i e s  
_I_ 

* 

( 3 )  V = min[R(u)V + K(u)], 
U 

N 
10 

Remark, The property p. (u) > 0 f o r  a l l  i assures  t h a t  s t a t e  0 i s  

ul t imately a t ta ined  with a corresponding f i n i t e  average cost .  

Lemma 2. (Howard's i t e r a t i o n  i n  pol icy space procedure). Assume ( A l )  I or  
0 n (A2). Choose u so t h a t  V(uo) 'exists.  -- Assume u --- i s  given and V(un) 

n'l as t h e  minimizing vector ex i s t s .  Choose u 

111- I- 

u - i n  
-_I 

min[R( u)V( un) i- K( u) ] R( un'')V( un) + K( unfl) 
U 

( 4) 

Remark. The method i n  Lemma 2 i s  mentioned because of i t s  r e l a t i o n  t o  t h e  

simplex method (see  below). For many problems, it seems t o  converge slower 

than the  various backward i t e r a t i o n  methods, e.g. 

C n + l  = min[R(u)Cn + K(u)]. 
U 

See [l] f o r  a discussion of a b e t t e r  i t e r a t i v e  method. 

2.1.1. Introduct ion of Randomized Controls. For purposes of t h e  L.F. 
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foxmulation and i t s  generalizations,  i t s  usefu l  t o  rewri te  ( P l )  i n  an equi- 

valent  form. We suppose t h a t  Ui = (a1,,#*,a ) and allow randomized controls.  

T h a t  i s  t o  say t h a t ,  a t  each time, t h e  a c t u a l  c o n t r o l  ac t ion  which i s  used i s  
q 

randomly selected among t h e  al, ..., a,j t h e  probabi l i ty  which governs t h e  

(or, equivalently,  t h e  cont ro l  __. l a w )  depends on t h e  current  s t a t e .  - choice 
Y 

Thus, t h e  c o n t r o l  u i s  replaced by a sequence y of N elements. 
q 

ri = (~~~,.~.,y. ), i = ll0..,N 
1-q 

a 

2 0, y. = P(U(%) = j I xn = i> 'i j 1-3 2 Yij = 1, 
j =1 

If rij = 1 then t h e  c o n t r o l  a t  s t a t e  i i s  pure and u(Xn) = a when 

Xn = i. 
3' 

Under t h e  cont ro l  law y, t h e  t r a n s i t i o n  p r o b a b i l i t i e s  take  values 

P{X, = j I % = i, law y used} = Pi{X, Y = j )  = pij(yi) = 

We now wr i te  V(y) and E T  and Pi instead of V(u), E:, Pi. U It t u r n s  

out, of course, t h a t  t h e  L.P. formulation does give a non-random control.  

With t h i s  randomization, f i n i t e n e s s  of Ui = U i s  equivalent t o  t h e  s e t s  

si = ( pil( Ui) , *, p,( Ui) , k( i, Ui) ) being convex polyhedrons. 

Let M denote t h e  average number of times t h a h  a i s  a c t u a l l y  
3 i j  9 

used when s t a t e  i i s  v i s i t e d .  Write Mi = c Mij, and suppose t h a t  X 
0 ,j =1 - 

i s  random w i t h  P{X = r} = pr, where p = (p 13...,%) i s  a column vector.  Write 0 

Pr(X = 3 )  = pij (4 ( y ) p i  = P{Xn = j l  c o n t r o l  y used, 
i C I n  

i n i t i a l  d i s t r i b u t i o n  = 
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2,1.2. The Constraints  f o r  L.P. By def in i t ion ,  

= vi -I. C P;{xn+l = f}, 
n =O 

M. = C P,'(x, = i, u(xn) = a j l V r  
r,n: 

From t he  r e l a t i o n  

we obt.ain 

( 5 )  

orf equivalently,  

Define t h e  t r a n s i t i o n  m a t r i x  (again s t a t e  0 deleted) R ( r )  = 

[p . . ( r . ) ;  j,i = l,eo4,N}e Now r = Mjk/Mj, and a n  a l t e r n a t e  form t o  
J 1  J j k  

( 5 )  i s  
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= pi + C p . . ( y . ) M  i = l , . . . ,N. 
~1 J j9 

I n  vector  notat ion (where M i s  t h e  c o l m  vector  (Ml, e .  .,%), and prime ' 
i s  transpose) 

* 

We now address ourselves t o  t h e  uniqueness of t he  so lu t ion  of ( 7 ) ,  

( 8 ) .  Unless an obtained so lu t ion  of (8) is t r u l y  t h e  vector of average oc- 

cupancy times, t he  L.P. formulation may not give t h e  correct  solution. The 

matrix R ( y )  

i n s ide  t h e  un i t  c i r c l e .  

for  a l l  i, which, i n  turn, i s  equivalent t o  R (y) being a contract ion i n  

i s  s a i d  t o  be a contract ion i f  i t s  eigenvalues l i e  s t r i c t l y  
N 

j -1 
This i s  equivalent t o  (113) t h e  property p g ) ( u )  < 1 

N 

N t h e  sense t h a t  maxi Cil < maxlDil i n  C = R ( r ) D .  These proper t ies  a re  
i 

equivalent t o  ~ ~ ( u )  4 o as n -+ m. 

Lemma 2. -- Suppose R(y) i s  given. Assume e i t h e r  (i); (a), - or (ii); 

p.  > 0 fo r  a l l  io Define the  cos t  -- -I_ 1 

(9) z = M. .k( i , a . )  = c Mik( i, yi) 
4 4 1J  J i  

k(i ,yi)  z c y. . k ( i , a . )  
j 1J  J 

Then the re  i s  a unique non-negative solut ion (10) I t o  ( 8 ) ,  ---- 
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and t h i s  so lu t ion  i s  t h e  vector  o€ mean occupancy times. 

can be wr i t t en  as  (11). 

Furthermore (9) 
_I -__I -- I- 

^I_ - - - 

where V(yj i )  = cos t  f o r  (Pl) corresponding t o  randomized con t ro l  y and 

K ( r )  i s  t h e  column vector  

-- - -- 
-- - 

If p. > 0 fo r  a l l  i, then any con t ro l  law (rl ,..., r,), or 
-_1 -c_ II - 1 - 

. equivalent ly ,  any [M. .] which minimizes (9) subjec t  t o  ( 8 ) ,  also solves - - 1 J  - I_ - 
(Pl), and conversely. I n  p a r t i c u l a r  min z = p.V.. The converse s t a t e -  

ment i s  t r u e  even i f  some of t h e  p = 0, 
1 1  - - - 

i 
i I__-----_.- 

Proof; 

r e s t  follows e a s i l y  from t h i s .  

Only t h e  uniqueness of t h e  so lu t ion  t o  (8) w i l l  be shown, f o r  t h e  
II__ 

Any so lu t ion  of (8) i s  of t h e  form 

03 

M = l i m  ( R f ( r ) ) n M  + C (R'(Y))~P. 
n n=O 

N Thus, we need only show t h a t  R(y) or R ( y) a re  contract ions i n  the  

appropriate  senses a 
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4 

Assume (i). The eigenvalues of a l l  R(u) a r e  i n t e r i o r  t o  the  uni t  

c i r c l e  f o r  a l l  pure cont ro ls  u, and there  are  only a f i n i t e  number of pos- 

s i b i l i t i e s  f o r  u. Any R(y-) has t h e  form 

R ( r )  = kiR(ui), k. 2 0, c hi 
i i 

, where ui ranges over a l l  possible  pure cont ro l  ve 

= 1, 

t o r s  

U X. .X UNe But, since R( r) i s  a non-negative matrix, 1 

r i t h  values i n  

t h e  eigenvalue 

e(R(k)) with l a r g e s t  absolute value i s  r e a l  and p o s i t i v e  and 

e(R( A ) )  S kie(R( ui)) < 1, 
i 

thus proving uniqueness under (i). 

Assume (ii). If pi > 0 f o r  a l l  i, and Rn(y-) does not  tend t o  

i s  i n f i n i t e ,  a contradic- Mi t h e  zero matrix, then (12) implies thctt some 

t ion .  Q.E.D. 

Remark. Leima 2 can be strengthened under (A2). 

t h e  following observation. Let pi > 0, i = l , o e . , r  w i t h  a l l  other  p,. = 0. 

Let S1(y-) denote t h e  s t a t e s  1, ..., r, a l l  those s t a t e s  connected t o  

1, e e ,r and a l l  t r a n s i e n t  s t a t e s ,  Le t  S2( y’) denote t h e  reaaining s t a t e s  

( a  p o s i t i v e  recurrent  c l a s s ) .  

F i r s t  we make 

A 

A modification of t h e  proof under (A2) *elc7,s 
m , .  

t h a t  p!n)(y-) < CQ f o r  i E S1(y-) and a l l  j. Hence f o r  i * E  S1( y-), 
1 J  

/.-\ n=O 
pi;’(y-) + O  and the  form (12) implies t h a t  t h e  component Mi of t h e  solu- 



t i o n  to (8) i s  t h e  mean occupancy time. For i E S2, (E') ind ica t e s  t h a t  

t h e  component Mi of t h e  so lu t ion  t o  (8) can be l a r g e r  than t h e  mean oc- - 
cupancy time. This t u r n s  out t o  be unimportant under (A2). 

We a l s o  note  t h a t ,  i f  pi > 0 for  a l l  i, and z < a, and 

N k ( i , a . )  Zi E > 0, then 
J 

have z s a. 

R ( y) must be a contract ion,  f o r  otherwise we would 
-I 

Lemma 3. Assume (A2). I_ Let T -- be optimal. Iu- Then t h e  Mi solving (8) - a r e  

-- t h e  mean occupancy times, Mi = 0 - f o r  i E S2(y), and p. . (y)  = 0 - f o r  i E 

-- 

1 J  

Proof: All s t a t e s  i n  S I ( ~ )  a r e  t r a n s i e n t ,  and non-transient s t a t e s  ( i . e , ,  

those i n  S2(y))  cannot be reached from s t a t e s  i n  S (y), f o r  otherwise t h e  1 
represent  a t  ion  

and t h e  p o s i t i v i t y  of k( i ,  yi), imply t h a t  ' z = +a, Let i E S2( y) e Then 

Mi i s  not  e f fec ted  by t h e  values of Mj, j E S1(y), since pji(y-) = 0. 

Since k(i,yi) > 0 and y is optimal, t h e  form ( 9 )  implies t h a t  M. = 0. 
1 

Thus M*Rn(y) + O  a s  n +a, proving (10) and (ll). Q.E.D. 
- -. .--. 
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Remark on t h e  equal i ty  cons t ra in t  (6).  

i t y  cons t r a in t  (6) (or  (8))  can be replaced by 

If k ( i , a . )  I 0, t he . equa l -  
J 

. ( 6" ) 

We w i l l  give t h e  proof for a l l  p > 0 and show only t h a t  t h e  minimum of 

(9) under (6 ')  i s  not  l e s s  than t h e  minimm of (9) under (6) - which, i n  

turn,  implies  t h a t  t h e  optimal so lu t ion  w i l l  give an equa l i ty  i n  (6 ') .  

i 

F i r s t  observe t h a t  (6 ')  implies  t h a t  14. 2 pi > 0. Let {M. . ]  
1 1 J  

solve (6' ). Define, again, y. = M. ./Mi , and l e t  E( *c> be t h e  corresponding 

t r a n s i t i o n  matrix.(6") can be wr i t t en  as 
lj 1 J  

which implies t h a t  ( R ' ( T ) ) ~  i s  a contraction. Thus there  i s  a unique 

non-negative so lu t ion  t o  

ry 

M = p + R f ( y ) z J  

ana 
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which ( s ince  ( R 1 ( y ) )  ->O)  implies  t h a t  

N 

M 2 M. 

N N 

Then the  s e t  {Mij = M. y. .) s a t i s f i e s  
1 J 1  

cv 

M. S; M. ij ij' 

Since k ( j , a . )  2 0, 
J 

N n J  

z = k(i ,a.)M. 5 k(i ,a.)M- 
i , j  J i j  i , j  J ij' 

2.1.3. The Dual form f o r  L,P. Write t h e  system (7) i n  t h e  

vector  form 

where 

var iab les  and S3f and 9 a re  t h e  N X Nq matrix and Nq row vector ,  

(13a) and (13b), resp. 

1 = <M1l,Ml*, 0 * 0 , M l q , % l ,  * 0 e i s  t h e  column vector  of L.P. 



( Ua)  . 
* 

0 0 0  0 0 0  

Let C = (C1, ..., C ) be the  column vector  of d u a l  variables.  By N 

t h e  usual  ru les ,  [ 8 ,  p. 1271, t h e  d u a l  form of t h e  L.P. i s  

w i t h  cons t ra in t  

maximize C pici 
i 

and t h e  Ci are unconstrained i n  sign. 

Writing out (15) i n  d e t a i l  and rearranging some terms gives t h e  

Nq i n e q u a l i t i e s  

N c p. .(a,)C. + k ( i y a r )  
j =1 Ci 5 1 J  J 

((i, rth) inequal i ty)  i = 1, e ,N; r = 1,. *. ,qe 
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It w i l l  be shown below t h a t ,  i f  a l l  p. > 0, then for any optimal 

solution, M. f 0 for a t  most one j (depending on i), and Mi 2 pi > 0. 

1 

1 3  
Denote t h i s  j by r ( i )  and l e t  ui *denote ar(.). Let C denote the  

optimal dua l  vector. 

t he re  i s  equal i ty  i n  (16) for  t h e  ( i , r ( i ) ) th  l ines .  Thus 

'By t h e  complementary slackness theorem of L. P,, 

N 
Ci = min[ c p. .(a)C. + k ( i , a ) ]  1J  J a j = l  

N 
= c p. .(ui)C. .t k(i ,ui)  

1 J  J j =1 

where a ranges over U = (al, ..., aq), which are  prec ise ly  the  dynamic 

programming equations (3). Thus, f o r  t h e  optimal dua l  var iab le  

ci = vi = min v (u ; i ) .  
U 

The L.P. dua l  requires  a maximization (14), but, any vector C 

which ac tua l ly  s a t i s f i e s  (16) i s  not a t r u e  cos t  vector  ( f o r  some con t ro l  

u), unless it i s  t h e  

I f  not a l l  

will equal zero ( see  

and Mis > O .  Then, 

optimal cos t  vector. 

p. > 0 ,  b u t  k ( i , a . )  1 , ~ > 0 ,  some of t h e  optimal Mi 
1 J 

Lemma 3 and t h e  remark preceeding it). Let Mi > 0 

by t h e  complementary slackness theorem, fo r  a l l  at, 

N . N  

Furthermore, by tak ing  su i t ab le  Linear combinations i n  (17' ) ( y = optimal 



c o n t r o l  l a w )  

( 17” 

Since p. .( Ti) = 

* we conclude t h a t  
1J 

optimal c o n t r o l  

N N 

j =1 1J J j =1 
= p. . ( r i ) C .  + k(i , r i )  c p. i j t j  .(a I C  -I- k ( i , a  - t ) 

‘i 

Ci = min V ( r ; + )  = Vi, and t h a t  t h e r e  i s  a non-random 
-.r 
I 

> O  f o r  i = l,*..,s; ( l e t  S1(r) = l,.@.,s, and Mir(i) 

) i s  an optimal control ,  ‘and S2(r) i s  never reached). r (1 )~  * jar( s )  then ( a  ._ 

2.1.4. The Simplex Method and I t e r a t i o n  i n  Policy Space, 

Theorem 1. Under -- (AX) t h e r e  i s  an - -- - optimal non - r and om c ont r 01. 

I e t h e r e  i s  an admissible - s e t  {Mij) -I__ which minimizes zJ---.-.- and for which A’? -I- 

M. > O f o r  a t  most one j f o r  each i. If p. > O, t h e  b a s i c  solut ion a t  
---.I_ _I -- - -- . -  1 1 3  

each i t e r a t i o n  of t h e  simplex method s a t i s f i e s  M. > 0 for  only one j 

for  each i. 
l j  - - -- -- 

- I_ 

Proof: All asser t ions  have already been proved, except the last. There a r e  

at most N of t h e  {Mi,} which a r e  non-zero a t  each i t e r a t i o n .  Then M. S 

pi > 0. If Mir > 0, Mis > 0 f o r  s f ro then M = 0 for  some j, which 

cont rad ic t s  M.  L p. > 0. Thus M. > 0 for  one and only one j, for  each i, 

a t  each i t e r a t i o n  of t h e  simplex method. Q,E,D, 

1 

j 

J J l j  

- Simplex Mult ipl iers .  Assume e i t h e r  ( A l )  or (A2) and a l s o  t h a t ,  

under (A2) ,  t h e  simplex rout ine  i s  i n i t i a t e d  with a pure cont ro l  u or a 
N N random c o n t r o l  y f o r  which R (u)  or R (y) i s  a c o n t r a c t i m .  Let 
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A = [ al, e 

s i d e r  t h e  L P e  problem of ~ n i m i z i n g  c 9 x  =: z with cons t ra in t  Ax = b, 

,a ] be an N X M matrix w i t h  N < M and columns ai. Con- M 

where c 9  = ( C ~ , ~ * ~ , C ~ ) ~  Let xi ,..., xiN be t h e  bas ic  solut ion a t  a 
1 

given i terat , ion.  Then ([ 83, t h e r e  a r e  numbers (simplex mul t ip l ie rs )  

v1, e e ,TI- so t h a t  N 

P a  - c = 0, n = 1 9 e , . , N  
i in n 

T* = (vl,. , = row vector. 

p;s 
v'a - c. = C T  a - ci f qi. 

n 1 r rin n n r=l i 

Let q = max q Then t h e  simplex a l g o r i t h  chooses x as t h e  new e n t r y  

i n t o  t h e  bas i s .  

3 '  i 
j 

i 

If all qi 5 0, t h e  current  b a s i s  i s  optimal. 

Let pi > 0 for  a l l  i, and l e t  {M i = 1,. .,N] be t h e  
i j ( i ) '  

basis a t  a given i t e r a t i o n .  Let vi = and v = (vl, . . vN) . For 

our L,P, problea, t h e  m u l t i p l i e r  r e s u l t s  is: t h e r e  i s  a vector 

( T ~ , . .  * , T ~ )  = T so  t h a t  

N 

j =l 
T F ~  - c p. .(vi) 7rj - k ( i , v . )  = 0, i = 1, ...,No (29)  1 J  1 

i s  chosen as f O l l 0 W S s  choose t h e  i , r  f o r  which '5. r The new b a s i s  en t ry  
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i s  l a rges t .  A t  t h e  optimal (opt imal  con t ro l  = u = (Up * 9 Ur) 1 

N N 
T = p. . ( u i ) r .  + k ( i , j )  5 p. .(ar)n. + k( i , a r )  

1 J  J 1 J  J j =1 j =1 i 

f o r  a l l  i and ar. 

By (20) and Lema 1, ri = V(v;i), t h e  cos t  corresponding t o  

i n i t i a l  s t a t e  i. Eqn. (21) i s  merely t h e  p r inc ip l e  of opt imal i ty  once 

again. 

case of i t e r a t i o n  i n  pol icy  space (Lemma ( 2 ) ) ,  where only one c o n t r o l  i s  

changed a t  a time. This was f i r s t - o b s e r v e d  by DeGhellinck [g] for  t h e  

average cos t  per unit time problem. T h i s  observation suggests t h a t  t h e  L.P. 

algorithm i s  no b e t t e r  than a l g o r i t h s  which a r e  ava i l ab le  for  t h e  o r i g i n a l  

dynamic programing problem. 

The method of s e l e c t i n g  t h e  new b a s i s  va r i ab le  i s  c l e a r l y  a s p e c i a l  

2.1.5. - Elaborat ion of the  Dual Form (14), (16). 

Assume e i t h e r  ( A l )  or  (A2) i n  t h i s  Section. I f  e i t h e r  

(i) u = ui = ( a ,  ..., aq) 
or 

(ii) si (p .  ( U. ), . e . , pig(ui), k( i, IT. ) ) 11 1 1 
i s  a convex .polyhedron 

for  each i, 
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then (Pl) has  an L.P. form, w i t h  dua l  form . (14), (16). It h a s  already 

been noted tha . t  (i) and (ii) a r e  equivalent. Instead of f i n i t e n e s s  of t h e  

k( i, . ) a r e  continuous and gi, suppose temporarily t h a t  (0):~. . ( * )  
1 J  

and 

Ui i s  compact. If, i n  addi t ion 

(iii) si i s  convex, 

then the  generalized programming method (G.P. 

t o  solve (Pl), and t h e  dua l  of t h e  G.P. i s  prec ise ly  (14), (16), where 

ar ranges over t h e  Ui, 

of Wolfe [SI can be used 

Under (A3)  alone, we can convexify t h e  Si by allowing ran- 

domizations, and thus  apply G. P. However, it i s  i n t e r e s t i n g  t o  see, by a 

more d i r e c t  argument, t h a t  t h e  solut ion to (14) - (16) i s  a l s o  t h e  solu- 

t i o n  t o  (~1). 

Theorem 2. Assume (A3)  and e i t h e r  ( A l )  o r  (A2). Then there  i s  a solut ion 

t o  (Pl). The optimal .__I cos t  vector V solves (14), (16') 
- - -II_-- 

- - 

c .  5 p. .(vi)C + k(i,vi), vi Ui 
1 1 J  3 3 

Proof: 1'. The f i r s t  statement i s  known t o  be t r u e  [ 2 ] .  By t h e  pr inc ip le  

of optimality, t h e  optimal c o n t r o l  u = ( u ~ , .  . . ,%) and l e a s t  cos t  s a t i s f y  



v = R ( U ) V  + K(U) 5 R ( V > V  + K(v), a l l  vi E uip v = (v19...,vN). 

Thus V sati.s-f'ies (161).  

2'. I f  vectors  A,B s a t i s f y  ( I - ~ s ) ,  then max(A,B) ( t a k e  t h e  

max component by component) s a t i s f i e s  (169 ) by t h e  following argment .  

A. 5 c p. .(a)A. -I- k( i , a )  

Bi S c p. . ( a ) B .  -t k( i , a )  
1J  J 

1 1 J '  J j 

3 

a l l  a9i  

max(A.,Bi) 6 p. .(a> max(A.,B.) f k ( i , a ) .  
1 1 J  J J  j 

3'. Next, it i s  shom t h a t  a l l  vec tors  W s a t i s f y i n g  (16~) a l s o  

s a t i s f y  W 5 V. T h i s  implies  t h a t  t h e  s e t  of vec tors  s a t i s f y i n g  (16* ) 

i s  a l a t t i c e  w i t h  rnaximal element V, and proves t h e  theorem. Let U szt -  

i s f y  (16') with Ui > V i .  Then W = max(U,V) s a t i s f i e s  (169). Write 

Wi = Vi". E > 0 f o r  i. = l p . , .> r  and E = 0 f o r  s > r. Then, using t h e  
1'' i S 

f a c t  v = TI( u.), 

p. .(u.)W. + k(i ,ui)  = c p. .(ui)V. f k(i ,ui)  + c p.  . ( u ~ ) E  
1 J  J 1J  3 

j j 
1J 1 J 3 

r 
= vi + c p. .(Ui)Ej 2 FJi = V . + E  x i  1 lJ 

and 

r 
c Pij(Ui)Ej 3 E i, 
1 

i . =  l , e . . 9 r  
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r c pi in)(u)  = 1 f o r  a l l  ne T h i s  cont rad ic t s  t h e  f a c t  
j =1 

which implies t h a t  

t h a t  Rn(u) + O .  Thus W = V. Q.E.D, 

8.2. Additional cons t ra in ts .  In  addi t ion to (7) suppose t h a t  we require  

s a t i  sf ac t ion  of t h e  inequal i ty  cons t ra in ts  

S 
e M. S GS, s = 1, ..., a. i r  ir i, r 

Let t h e  dua l  variEbles be 

corresponds to t he  

inequal i ty  i n  (22). 

constrained i n  sign ( see  r u l e s  i n  [ 8 ] ,  p. 129-7) and the  C 

0 < i 5 a, a re  non-negative. 

Cl,.. ., CN, CN+l, . e,CN+a, where t h e  C i' i 5 N, 
t h  corresponds t o  t h e  i 

Ci, i 5 N, are  un- 

'N+i ith equal i ty  i n  (7) and 

Then, for  t h e  dual  problem, t h e  

N + i '  

The d u a l  equations can be w i t t e n  as 

N a 
c p. . ( a s ) C j  + [ rd" . i s  c er C N + r  + k( i , a s ) ]  C. 

j=1 'J L 

s = 1 ,..., q; i = l , . . O , N ,  

and we maximize 

N a 

1 1 
c Pici - c GicN+i = 2. 

Suppose a l l  C a re  given. Then (23 ) ,  (24) i s  equivklent N +i 
t o  t h e  problem of computing the  optimal con t ro l  f o r  t h e  cost  
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K(i,as) = C ’ r  eiscN+r k ( i , a s ) .  

r =1 

r In  many con t ro l  appl icat ions,  t h e  eis 2 0. See example below, Then the  

d u a l  L.P. i s ,  i n  a sense, equivalent t o  f ind ing  t h e  optimal con t ro l  f o r  a. 

cos t  r a t e  E( i, a) which weighs (pos i t ive ly)  t h e  cons t ra in t .  I. e. , suppose 
Q 

,l = 1 and 
=J 

subject t o  t h e  mean time t o  absorbtion being no grea te r  than . , Then 

e:r = 1. Then, we seek t h e  cont ro l  which minimizes M. . k ( i J a j )  
i, j 

.% 

N 

k ( i , a )  = CN+l i k( i ,a ) .  

Thus, t he  equivalent kost C = ( C I J . .  . , CN) i s  

a3 
U 

( 2 5 )  C. 1 = [E .  1 CN+l. time to absorbtion i E: k(Xn,~i(XJ)]. 
n d  

If Fji Z 0, the  form (24) suggests t h a t  we want t o  f ind t h e  

f o r  which t h e  cont ro l  which minimizes (25 )  a l s o  satis- ‘Nii ,  l e a s t  weight s 

f i e s  t he  cons t r a in t s  (22).  

s t a t e s  may possibly be randomized, s ince the  bas i c  solut ions of t h e  primal 

problem may have a s  many as N i J  of t h e  {M. .] non zero. 

Note t h a t  t h e  optimal cont ro ls  f o r  a t  most .8 

1-J 

2.3. Example. To see how * s t a t e  space? cons t ra in ts  of t h e  form (22) 

may appear, we consider a simple Markov chain problem which i s  a d i s c r e t i z a t i o n  

of a continuous t i m e  problem. Consider t he  system ji = uia!, where E, i s  

white Gaussian noise  and IuI 5 1, In  It$ equation form, t h e  system i s  
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where z i s  a Wiener process. Suppose t h a t  we w i s h  t o  d r i v e  x = 

(xlt,xPt) t o  t h e  t a r g e t  l i n e  T i n  Figure 1, i n  minimum average time. 

By t h e  method i n  [ 11, an approximating Markov chain (whose s t a t e  

space i s  t h e  co l l ec t ion  of nodes i n  Fig, 1) can be obtained, Let h 

denote the  d i s t ance  between nodes i n  Fig. 1, w i t h  h < cs , and l e t  ei 

denote t h e  wit vec tor  i n  t h e  ith coordinate d i rec t ion .  Then for  x 

on a node not on 

t t 
d 

[Xn] 

2 

T, t h e  t r a n s i t i o n  p r o b a b i l i t i e s  of t h e  Markov chain a r e  

2 'x, x+elh (u)  = hlx21/(0 +hlx21)  i f  x2 h 0 

i f  x2 < 0 
= o  

'x, x- I elh (u)  = 0 i f  x2 2 0 

2 2 'x, x+e2h (u) = (0 +hu)/2(a +h1x21) 

'x, x-e2h ( U) = (G -hu)/2( 0 +hi x21 ) 

k( X,U) = k(x) = h /( r~ +hl x21 ) 

2 2 

2 2  

I n  order t o  solve t h e  minimum average t ime to ( t h e  nodes on) T 

problem fo r  {Xn], i t  i s  necessary t o  t runca te  t h e  space. To do t h i s  id€ 
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f i x  an ex terna l  boundary B as i n  Fig. 2, and assign t r a n s i t i o n  probabi l i -  

t i e s  on B t o  be consi.stent w i t h  t h e  i n t e r n a l  dynamics i n  some way. Several  

procedures a r e  possible, and, f o r  our purposes, t h e  exact procedure i s  un- 

important. Suppose only  that ,  on t h e  indicated segments of B, t h e  process 

can move i n  t h e  d i r e c t i o n s  of t h e  arrows with given probabi l i t i es .  O f  

+ course, spec i f ica t ion  of an outerbow?dary may be p a r t  of t h e  o r i g i n a l  prob- 

lem s t  a t  ement . 
L e t  us next consider some s t a t e  space constraints .  A reasonable. 

cons t ra in t  (considering t h a t  t h e  model may not be adequate f o r  l a r g e  

any way) i s  

1 x1 

q 
(i): Average time on boundary = c M. . 5 6. 

i € B  j = S  1 J  

(i) denotes t h e  average time on t h e  boundary for t h e  {Xn) process. If 

we wish  an approximation t o  t h e  o r i g i n a l  continuous time problem, w i t h  t h e  

w d i t i o n a l  cons t ra in t  t h a t  t h e  average time t h e  o r i g i n a l  process i s  on t h e  

boundary 

EXn) process i s  not  a u n i t  time f o r  t h e  x process. The d e t a i l s  must 

B, we need t o  t a k e  i n t o  account t h e  f a c t  t h a t  a u n i t  time for  t h e  

t 
be omitted due t o  space l imi ta t ions ,  and t h e  reader  i s  re fer red  to [lu. 

It will s u f f i c e  t o  say t h a t  t h e  weighted average 

9 
(ii): C a E M . .  s 8 

icB i j=1 1 J  

-1 2 . .I_ 

i s  required i n  l i e u  of (i) where a = (0 -1- hi x21 ), where x2 i s  t h e  i 

second component of t h e  vector  x at node i. 
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I n  general, t h e r e  maAy be a region Q which it i s  undesirable t o  

enter, and we can introduce 

(iii): C a EM.. 6. 
i c Q  i j=1 1 J  

For another type of example, suppose t h a t  f u e l  has  an associated 

cost .  Note t h a t  t h e  p. .(u) a r e  l i n e a r  i n  t h e  cont ro l  u. Let pi = 
I- 1J  
I P(u(Xn) = + 1 I Xn = i ) .  I f  pi = 25 then the  average ( o r  ac tua l )  c o n t r o l  

a t  s t a t e  i i s  zero . Indeed, we can suppose t h a t  t h e  a c t u a l  applied 

c o n t r o l  i s  2pi -1 since t h i s  gives t h e  same t r a n s i t i o n  p r o b a b i l i t i e s  

as t h e  random control.  I n  general, t h e  average cost  of f u e l  a t  s t a t e  i 
+ -  i s  12pi-11. Define Mi, M. as t h e  M where j corresponds t o  u = +l 

1 ij’ 

and %= -1, resp. Then, t h e  average f u e l  used i s  

and, we can optimize w i t h  cons t ra in t  F S 6, The cons t ra in t  ( i v )  can be 

put i n t o  a l i n e a r  form by t h e  introduct ion of s u i t a b l e  auxi l ia ry  var iab les  as  

follows: Minimize i (Ml e Ni)ai with t h e  cons t ra in ts  (6)  and Vi - W = 
-* 

i I i Ml - Mi and V h 0, W I O ,  and 

I i 

(See [ 7 ] ,  Sec. 5-3 f o r  a s imi la r  subs t i tu t ion , )  



2 Example Continued: Numerical Result. Let h = ,,55, CT = 2. Then 

f o r  t h e  region of Fig. 2, we w i l l  have N = 195 s t a t e s ,  including t h e  3 t a r -  

get  s t a t e s .  The k (x )  on t h e  outer  bound.ary nodes a re  1.5 of what t h e i r  

values would be were t h e  node not; on a boundary, and we l e t  t h e  

i 

p. . (u)  be 
1 J  . 

+ independent of u, f o r  i on t h e  upper and lower boundary. u (Eqn. (6) )  

equals one f o r  t h e  @% marked s t a t e  i n  Fig. 2. Note t h a t  t h e  immediate 

e f f e c t s  of t h e  c o n t r o l  u a re  on the  v e r t i c a l  movement only. The c o n t r o l  

values ( -  1) 4- f o r  t h e  minimum average time problem are  given i n  Fig. 3. 

Denote T* = minimum average time = minimum average fuel .  Figs. 4 and 5 ,  

plo t  t h e  cont ro l  values for  6 = .gT* and .75T*, resp, ,  and ind ica te  t h e  

expected decrease of c o n t r o l  e f f o r t  on t h e  counter clockwise s ide of t h e  

switching curve as 6 decreases. 

Note t h a t  t h e  cont ro l  value 4 u = 0 i s  s ingular  ( see  a l s o  t h e  

end subsection of t h e  paper) i n  t h a t  e i t h e r  t h e  r i g h t  s ide of (23) i s  mini- 

mized ( f o r  t h i s  example) a t  a = 1, or e l s e  it does not vary as a v a r i e s  

i n  [-1, + l ] p  L e o ,  i f  t h e  optimal cont ro l  f o r  s t a t e  i i s  zero, it can 

never be determined by minimizing t h e  r i g h t  s ide  of (231, as it could i f  t h e r e  

were no s ide  c o m t r a i n t s ,  

tween s i n g u l a r i t y  and randomness of a control.  

S 

The example a l so  emphasizes t h e  r e l a t i o n s h i p  be- 

3 .  The L. P. Form of t h e  F i n i t e  Time Problem. 

Consider t h e  d3mamic programming problem (P3): minimize, f o r  

each i = l,, ,IS, 
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0 1  i where TI- = ( u  , u , . . 
used a t  time n-i .  (P3) i s  equivalent t o  t h e  following L.P. problem. Let 

un-‘) i s  a sequence of con t ro l  vectors, u being 

y. .(m) = P{X, = i, .(%) = a j ] .  Minimize 
J-J 

4 

n q J J  
z = c y .  . (m)k( i ,a . )  

m=O j=l i=l =J J 

w i t h  cons t r a in t s  ( t h e  Chapman-Kolmogorov equation) 

yi(0) E C y. . (o)  = pi, i = I,.. . y ~ ,  
1 J  3 

y. .(m) o 
1 J  

where a l l  pi > 0 and c pi = 1. We will write t h e  L.P. eqns. for t h e  more 

general  problem (P4): 

and t h e  inequa l i ty  cons t r a in t s  

minimize (26) w i t h  cons t r a in t  (27), for any Pi 5 0 

(28) includes only one cons t r a in t  for each time 

j u s t  as  simple. 

m, bu t  t h e  general  case i s  

Define t h e  row vectors  w i t h  q coaponents 
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and t h e  column vectors  (wi th  q and N q  components, resp.) 

Then the  simplex tab leau  can be wr i t ten  i n  t h e  form 'of Fig. 3 ,  

Let t h e  colum vector  C(m) = ( Cl(m), . , . , CN(m))  be t h e  d u a l  

vector  t o  t h e  mth group of equations i n  Figure 3. The d u a l  of (P4) is: 

maximize 

(29 )  

w i t h  t h e  c o n s t r a i n t s  

'v 

ci( n) 5 Cnaia( n), R = 1,. e q 

a l l  i,m,R. 
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In  t h e  absense of t h e  inequal i ty  constra.ints (28 ) ,  the  system (30)  i s  s ixply 

t h e  dynamic programdng equation. (30 )  can be put i n t o  a more convenient 

vector form as follows. Let w = ( a  ;...,a. ) be an a r b i t r a r y  control .  
il =N 

Define the  column vectors  \ 

Then (31) i s  equivalent to (30). 

cv 

C(m-1)  5 R(w)C(m)  + K(W) + Cm-la(w;m-l) 

fo r  a l l  con t ro l  vectors  W. 

4. A Maximum Principle  f o r  Markov Chains, 

The l i nea r  programming formulation t r e a t s  t h e  cont ro l  and s t a t e  

are t h e  f r e e  var iables .  Next, 'ij 
simultaneously, i n  t h a t  the M. or 

by a d i r e c t  appl icat ion of t h e  de te rminis t ic  d i s c r e t e  time maximum principle ,  

a form of s tochas t ic  maximum princi-ole f o r  t h e  fixed f i n i t e  time Markov 

problem w i l l  be derived, i n  which the  con t ro l  and s t a t e  a r e  t r ea t ed  analog- 

ously t o  t h e i r  treatment i n  t h e  de te rminis t ic  problem. 

l j  

Define pi"' = g  Xn = i). The p robab i l i t i e s  p w i l l  be the  i 
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i 

dynamical var iables .  

t r o l  var iab les  a r e  t h e  p r o b a b i l i t i e s  

Again U = (aLp.e .yaq) ,  and ’@ suppose t h a t  t h e  con- 

n 
pi j = P[G( x,) = ajl X, = i] . 

Indeed, whether or not t h e  solut ion i s  a pure control,  it i s  (once more) 

only by allowing randomization t h a t  t h e  d i s c r e t e  maximum p r i n c i p l e  w i l l  be 

n n n applicable.  

pn 

problem (and t h e  y of t h e  L. P, problem). 

i, j = 1,. , . ,N] 
0 

Define the vectors  pi = (p,,.,., Bn lq ) and Bn = (Pl, e * ,B,n) 

t akes  t h e  place of t h e  u = (u~,. . .,uN) of t h e  dynamic programming 

Let R(pm) = {pij(p:); 

denote t h e  matrix of t r a n s i t i o n  p r o b a b i l i t i e s  ( w i t h  s t a t e  

deleted)  under t h e  random r u l e  . pm; i .e . ,  

Define t h e  (N)  column vector K(pm) = (k (  l,f3?), . . ., k(N,f$)) where 

The problem t o  be t r e a t e d  i s  (B), a slight extension of ( P k ) .  

The dynamics a r e  
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The cost  i s  

( 3 3 )  

w i t h  cons t ra in ts  
4 

(34) 

(n)  = GoP = q0, GnP n 
( 0 )  - 

Qip ( i) 6 Gi, i = O , ,  *. ,n ,  

ry 

where Go, Gn and t h e  Qi a re  matricea of f u l l  rank, and 

a re  su i t ab le  vectors.  Define p(m) by p p )  = 0 a d  

G6, Zn and 6. 
1 

0 

i s  

of 

Observe t h a t  t h e  s e t  

convex i n  t h e  cont ro l  vector  @me It i s  easy t o  see t h a t  t he  conditions 

the  d i s c r e t e  maximum pr inc ip l e  hold f o r  the  s e t  ( 3 3 )  - (34) ( see  

[7, Chapter 41, and note t h a t  we change some signs here i n  order t o  br ing  

t h e  r e su l t  i n  c loser  conformity w i t h  dynamic programming usage). A d i r e c t  

t r ansc r ip t ion  of t h i s  d i s c r e t e  maximum pr inc ip l e  y i e lds  



be _.- t h e  optimal con t ro l  I_ and An-1 4 0 )  Theorem 3. E go, e .  e ,P _I and P ,O'O,P 

s t a t e  resp. Then t h e r e  a re  cos t a t e  vec tors  T ( O ) ,  . . . ,T(n), _I and vec tors  

A. 2 0 

T 2 0.  

II_y- --- 
N N  

( a l l  - components -- are non-negative) J -  and vec tors  Lo, An --- and a s c a l a r  
1 
0 W N  

(Not -- - a l l  - t h e  To, T ( O ) , . , * , T ( ~ ) ,  Lo, An -- a r e  ze ro , )  - The T ( i )  

s a t i s f y  t h e  ad j o i n t  equation 
-8 I_ 

(35a) T(m)  = T-(m+l) + [R(gm)-I] ' r (m+l)  + r o K ( c m )  + Q&Lm 

m = 0,. e,n-l 

and t h e  t r a n s v e r s a l i t y  I condi t ions -- 

and 
LI 

(354 

N rv 

7r(O) = GhLo, x(n)  = GALn + %An 

Define t h e  Hamiltonian . -  

Then 
I_ 
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I n  terms of components' (37) - i s  

0 Remark. It can be shown t h a t  n- > 0; thus we can s e t  ro = 1. 

Then % = cr, a vector  of given i n i t i a l  p robab i l i t i e s ,  Suppose t h a t  t h e  

other  cons t r z in t s  of (34) are absent. 

Let Go = I. 
__I_- 

0 

Then, v ( i )  i s  t h e  o p t i m a l  dynamic 

prograrming cost- vector, w i t h  n - i  s t eps  t o  go, and (33a) and (37) com- 

bine i n t o  

r(m) = R(gm)7r(m+l) -I- K(gm) 5 

which i s  p rec i se ly  t h e  dynamic programming equation ( 3 ) .  

i Remark on Singular Controls. 

i s  a convex polyhedron, as 

t h e  minimum of the  r . h . s .  of (37) l i e s  on a ver tex of t h e  polyhedron - or j  

The s e t  [p. .(pi), i = l , * . . ,BT3  k(5,p ) }  
1J 

pi va r i e s  over i t s  admissible values. Thus, 

i f  t h e  minimum PaUs on more than  one ver t iex,  it a l s o  f a l l s  

i n  t h e  convex h u l l  of t h e  s e t  of v e r t i c e s  on which t h e  minimum occurs, Con- 
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s ide r  t h e  example ( a  t y p i c a l  d i s c r e t e  problem derived from a continuous time 

problem which i s  l i n e a r  i n  t h e  con t ro l ) .  

two extreme points  to t h e  polyhedron and 

(l-pm)p. .(-l), and k(i,p;) = k ( i )  

I n  t h a t  case there  are  a t  most 

p. .(Prn) has the  form pypij(+l)  + 
1 J  

and we can wr i te  t he  r , h . s ,  of (37a) 1 1 J  

* as 

= 6:.df(m+l) - p:di(m+l) + e. . ( m + l )  , ai 4- r: 0, d: 5 0, 
J-J 1 

and t h e  minimizing Bra s a t i s f i e s  
i 

4- = 1 i f  d,(rnl-1) 5 d (m+1) pi 1 i 

= 0 i f  df(m+l) > d;(m+l) 

= 2 otherwise. 

However, we have seen i n  past  sec t ions  tha t ,  i n  t h e  presense of 

), t h e  con t ro l  may be 0 s t a t e  var iable '  cons t r a in t s  (34) (except Gop(o) = 

random fo r  some times m and s t a t e s  i. Thus, with these  s t a t e  var iab le  

constraints ,  t h e  con t ro l  may wel l  be singular; i .e . ,  df(m+l)  = d i ( m + l ) ,  

and t h e  maximum pr inc ip l e  y i e lds  no informatioc d i rec t ly ,  i n  analogy t o  t h e  

s t a t e  var iab le  constrained de terminis t ic  case. Exis t ing  works (e.  g. [ 103, 

on continuous t h e  s tochas t ic  maximum pr inc ip l e s  - deal ing with t e r -  

minal time 'average' cons t ra in ts  

f o r  t he  p o s s i b i l i t y  of randomization. 

g(E%) = 0 have not adequately accounted 

It would a l s o  be worthwhile to study 
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methods f o r  ex t r ac t ing  information from t h e  s tochas t i c  Hamiltonian formula- 

t i o n  i n  t h e  s ingular  s i t ua t ion .  One of t h e  advantages of OUT study of 

t h e  simple Markov chain problem, i s  t h a t  t he  s ingular  - and randomization - 

problems a r e  made qu i t e  apparent, a s i t ua t ion  not e a s i l y  seen f r c m  t h e  con- 

t inuous time formulations, 
-4 
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